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An impulsive feedback control is developed to establish specific relative orbits for spacecraft formation flying.
The relative orbit tracking errors are expressed in terms of mean orbit elements. The feedback control, based on
Gauss’s variational equations of motion, allows specific orbit elements or orbit element sets to be controlled with
minimal impact on the remaining osculating orbit elements. This is advantageous when J;-invariant orbits are to
be controlled, where only the argument of perigee and mean anomaly will drift apart at equal and opposite rates.
The advantage of this impulsive feedback control, compared to optimal control solutions, is that it can operate
with little computational effort and in a near-optimal manner, while requiring only a marginal penalty in fuel cost.
When applied to the spacecraft formation flying problem, this control could also be used to perform general orbit
corrections. Formulas are developed providing accurate estimates of the sensitivities of the mean semimajor axis
and mean eccentricity with respect to the osculating inclination angle. With these sensitivities, the tracking error
in semimajor axis, eccentricity, and inclination angle can be canceled within one orbit.

Introduction

PACECRAFT formation flying is an interesting and challeng-
ing topic, as is seen in Refs. 1-7. Previous formation flying
control has typically been done by expressing the relative motion of
a satellite to anotherin terms of Cartesian coordinatesin the rotating
local-vertical-local-horizon (LVLH) frame of one of the satellites.
Reference 1 presents a continuous nonlinear feedback law to estab-
lish and maintain relative orbits of satellites. Middour® discusses a
control strategy to maintain an along-track satellite formation where
differential drag is the dominant perturbation. Melton® develops a
time-explicit representation of the relative motion of elliptic orbits
that can be used for control development. Vadali et al.’ discusses
numerically optimal initial conditions for J,-invariant orbits. This
paper will focus on expressingthe relative orbit tracking error exclu-
sivelyin terms of mean orbitelementdifferences. A continuousfeed-
back controllaw in terms of mean orbit elements has been presented
in Ref. 4. This paperinvestigatesan impulsive feedback control law.
The following spacecraft formation flying notations are adopted
here. The satellites in the relative orbit are referred to as deputy
satellites, whereas the satellite that they are orbiting about is re-
ferred to as the chief satellite. The orbit element differences Ae
describing the relative orbit are taken from the deputy relative to the
chief satellite. The Cartesian relative position vectors are computed
analogously. Relative orbit errors to these desired orbit element dif-
ferences are denoted as de. Note that it is not required here that
the formation actually have a chief satellite within the formation.
If none is there, then this location is simply referred to the chief
because all deputy satellites are orbiting about this location. Inter-
satellite communication is assumed to be present to communicate
their respective positions to each other.

In a gravity-dominatedenvironment, where control is a relatively
small perturbationon the overall motion, it is important to seek rel-
ative motions that are natural to the prevailing dynamics and that
require little control effort to maintain. In Ref. 6, natural relative
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orbits to the ideal Keplerian motion are discussed. If all spacecraft
involved are of equal type and build, that is, have the same ballis-
tic coefficient, then the differential J, perturbationis the dominant
perturbative effect experienced by the various spacecraft. For this
case, the differential drag effect is negligible on the relative motion
over the time period of several orbits. The Earth oblateness pertur-
bation causes secular drifts in the ascending node €2, the argument
of perigee w, and the mean anomaly M, along with short- and long-
period oscillations in all six orbit elements. As shown in Ref. 7, it
is beneficial to describe the relative orbits of a spacecraft forma-
tion in terms of mean orbit element differences Ae, as compared to
using Cartesian position and velocity vectors. By the use of mean
orbit elements, the long-term behavior of the spacecraft formation
is immediately evident, and short-term deviations are not consid-
ered. In trying to achieve bounded relative motion, controlling the
short-term oscillation from the desired relative trajectories would
be an unnecessary fuel expense if these oscillationsare smaller than
the required tracking accuracy.

For general formation flying, it is not possible to set up the orbit
element differences between two neighboring orbits such that the
three relative secular mean orbit element drifts are zero. However, it
is possibleto find two constraints that enforce equal ascending node
and mean latitude angle rates, where the mean latitude angle is de-
fined as the sum of the argument of perigee and the mean anomaly.
Reference 7 refers to orbits satisfying these two constraints as
Jr-invariant relative orbits. With these constraints on the ascend-
ing node and the mean latitude angle rates, it is possible to establish
specific orbit element differences that render the resulting relative
spacecraft orbit J, invariant. Any control maintaining these types
of orbits will naturally go to zero as the desired relative orbit is
asymptotically approached.

One drawback to the described orbit design methodology s that,
although it does achieve equal nodal and mean latitude drift rates
between various spacecraft,itis still possible for the individualargu-
ments of perigee and mean anomaliesto driftapart. Two neighboring
orbits will not drift apart in the classical sense, but as the lines of
perigee drift apart from their initial values, the relative orbit will ei-
ther expand or contract. To counter this effect, it will be necessaryto
compensate periodically for both the argument of perigee and mean
anomaly drift. The following impulsive control strategy was born
out of the quest to find a method to correct the argument of perigee
and mean anomaly while minimally impacting the remaining orbit
elements. Whereas this method is attractive to compensate specific
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sets of orbitelements, it is also possible to use the method to correct
for arbitrary relative orbit errors in a near-optimal manner.

To maintain desired orbit element differences,a multitude of con-
trol strategies may be employed. This paper studies a sequential
impulsive algorithm that depends on mean orbit element errors to
establish a specific relative orbit. Using Gauss’s variational equa-
tions of motion, a firing sequence is established that allows only
certain orbit element errors to be corrected during an orbit with lit-
tle or no effecton the remaining orbitelementdifferences. However,
Gauss’s variational equations of motion are derived for osculating
orbit elements. Because specific mean orbit element differences are
desired, modifications are introduced to account for the small dif-
ferences between mean and osculating elements. In particular, first-
orderrelationshipsbetween osculatingorbitinclinationchanges and
the resulting induced changes in mean semimajor axis and eccen-
tricity are introduced. These relationshipsallow for a more efficient
impulsive thrusting scheme to establish the desired mean orbit ele-
ment differences faster. Whereas this impulsive feedback control is
demonstrated and applied to the spacecraft formation flying prob-
lem, it can also be applied to the general orbit correction problem.

Problem Formulation

Gauss’s variational equations are convenient to determine the
effect of a control vector u = (u,, uy, u,)” on the osculating orbit
elements, where the u, vector component is the thrust along the
orbit radial direction, u, is along the orbit normal, and the thrust
uy is perpendicular to the preceding two directions. Let a be the
semimajor axis, e be the eccentricity,and i be the orbit inclination
angle, then Gauss’s variational equations of motion are given by
(see Ref. 8)

d. 2a?
d_Ltl =%(esinfu,+€u9) (1a)
de 1 .
E=Z{psmfu,+[(p+r)cosf+re]u9} (1b)
di rcosf
E = 7 Up (1c)
dQ r sinf (1d)
—L _ u
dt  hsini
d 1 r sinf cosi
= = —[=peosfu, +(p+r)sinfuy] - ———u, (le)
dr he hsini

dm n .
— =n+ —[(pcosf —2re)u, — (p +r)sinfu,] (1f)
dr he

where p is the semilatus rectum, / is the orbit angular momentum,
r is the scalar orbit radius, and 6 is the true latitude angle defined
as  =w+ f. The parameter n = /(1 — €?) is another convenient
eccentricity measure. These equations are written in matrix form
as

éosc = [B(eosc)u 2)

where eo. is the osculating orbit element vector. Note that
Egs. (1a-1f) do not necessarily show what influence the control
vector will have on the mean orbit elements. Let the mean orbit
element vector e¢” be written as a function of e as

e’ =f(eosc) (3)

where the functionf() could be formed from Brouwer’s analytical
artificial satellite theory.? Using the chain rule of differentiation, the
mean orbit element rate equation is written as

T
de” deose
¢ = —_— 4

|: 0eysc i| dt @

However, using a first-order truncation of Brouwer’s transformation
between osculating and mean orbit elements, it is evident that the

sensitivity matrix [de” /deos.] is essentially the identity matrix with
the off-diagonal terms being of order J, or smaller.* Thus, we at
first approximate Eq. (4) as

€'~ e = [Ble)]u ®)

The effect of the control vectoru is assumed to have the same effect
on the mean orbitelements as it has on the osculatingorbit elements.
The trackingaccuracy penalty forimposing thisinitial simplification
will be illustrated in the numerical simulation. The approximation
in Eq. (5) will also be sufficient to establish J,-invariant relative
orbits where the required orbit element differences are of the order
of J,. The reason for this is that Eq. (5) leads to a method to control
the orbit element errors. Assuming that the mean element Jacobian
matrix is the identity matrix will lead to orbit correction errors on
the order of J,. As the errors tend to zero, so will the errors due to
the simplified Jacobian matrix.

To refine this control approach, solving for the Jacobian matrix of
the mean orbitelements would be very valuable. Because Brouwer’s
analytical transformatior’ between osculating and mean orbit ele-
ments is very complex, solving for the complete 6 x 6 sensitivity
matrix is a challenging task. For the proposed impulsive control
strategy, two important partial derivatives are the sensitivities of the
mean semimajor axis and the mean eccentricity with respect to the
osculating orbit inclination angle. Appropriate analytical expres-
sions are derived for these partial derivatives and incorporated into
the control scheme. These yield an improved convergence rate to
the desired mean orbit elements compared to the solution with the
Jacobian matrix being the identity matrix.

Control Strategy

When the d2/dt and di /dt expressionsin Eq. (1) are studied, it is
evident that the individual ascending node or inclination angles are
adjusted best when the spacecraft passes through either the polar or
the equatorial regions, respectively. However, if both an inclination
angle and nodal correction are to be performed, it is more fuel effi-
cient to perform both corrections with one impulse only. The orbit
normal impulsive Av, =u;, At is used to adjust both elements, as
shown in Egs. (1c) and (1d). The corresponding inclination angle
and ascending node corrections are given by

8i = (rcosf/h)Av, 6)
8Q = (rsin@/hsini)Av, 7)

When Eq. (7) is divided by Eq. (6), the critical true latitude angle 6,
at which to perform this orbit normal thrusting maneuver is

6, = arctan(8§2 sini /8i) 3)

When Egs. (6) and (7) are squared and summed, the required Av,,
to perform the desired inclinationcorrection § i and ascending node
correction §€2 is

Av, = (h/r)y/8i2 + 6Q2 sini? )

Note that applying this Awv, affects only the orbit elements i, €2,
and w. This cross coupling between the (i, 2) correction and w is
the only coupling between osculating orbit element set corrections
in this firing scheme. Note that although there always exist two
possiblecriticaltrue latitudeangles 6, from Eq. (8), only the solution
correspondingto a positive Avy, is used in this control method. Thus,
(i, 2) are corrected only at one point in the orbit.

When the Av, in Eq. (7) is substituted into Eq. (le), the §Q2
correction results in the following §w change:

Sw(Avy) = —cosidQ (10)

This secondary effect will be taken into account when specifying
the impulse required to correct the argument of perigee.

The argument of perigee and the mean anomaly are also corrected
together as an orbit element pair, but with two impulsive maneuvers
over one orbit. Each impulsive thrustis in the orbit radial direction
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only and is applied at both the orbit perigee and apogee. Let Av,,
be the radial impulse applied at perigee and Av,, be the impulse
at apogee. Computed over one orbit, and taking into account that
an ascending node correction 82 could be occurring (which causes
an additional change in w), the Av,, and Awv,, impulses cause the
following osculating orbit element changes:

sw = (1/he)[—p(Av,, — Av,,) — 8 cosi] (11)
M = (n/he)[(p —2r,e)Av,, — (p +2r,0)Av,, | (12)

To solve these two equations for the radial Av, the following iden-
tities are useful:

p—2rpe=pl(l—e)/(1+e)] (13a)

p—2re=pl(l+e)/(1—e)] (13b)

along with i/ p = na/n. Substituting these expressionsinto Egs. (11)
and (12), we find

Av,, — Av,, = — (8w + §Qcosi)(nae/n) (14)
(1 —e)’Av,, — (1 + e)*Av,, = naesM (15)

Solving these two equations for the required radial impulses to
achieve a desired Sw and § M, we find

Av,, = —(na/H{[(1 + e)z/n](Sa) + 8Qcosi) + M} (16)

Av,, = (na/H{[(1 — e)*/n](Sw + 8QLcosi) + M}  (17)

Note that if a §2 correction is performed during this orbit, then
its effect is immediately taken into account in the preceding two
equations.

The argument of perigee and mean anomaly corrections, pro-
vided by Egs. (16) and (17), are convenient to compensate for the
natural secular drift in these orbit elements that will occur with the
Jp-invariant orbit presented in Ref. 7. Only w and M of the six
orbit elements will not have an equal relative drift rate, but rather
their sum will. This relative drift difference is not very large, but
depending on the tolerances of the relative orbit it will require com-
pensation periodically. Furthermore, the smaller the eccentricity of
the orbit, the smaller the effect that relative drift of w and M will
have on the orbit geometry. However, Egs. (16) and (17) provide an
impulsive control method that is able to readjust directly the argu-
ment of perigee and mean anomaly while minimally affecting the
other osculating orbit elements.

The remaining two orbit elements to be corrected are the semi-
major axis a and the eccentricity e. As is the case with the argument
of perigee and mean anomaly corrections, the semimajor axis and
eccentricity are adjusted together through two impulsive maneu-
vers over one orbit. However, these impulsive thrusts are fired in
the transverse uy direction. One impulsive correction Avy, is fired
at perigee, and the other impulse Av,, is fired at apogee. With this
firing sequence,a and e are adjusted efficiently and withoutdisturb-
ing the other osculating orbit elements. From Eq. (1), the a and e
corrections over one orbit are

sa = 2a*/W)[(p/ry) Avs, + (p/ra)Avs, | (18)

Se = (l/h)[(p +r, +r,e)Avg, +(=p—r1, + rae)Avgn] (19)
Note that in deriving Egs. (18) and (19) it is assumed that the orbit
corrections §a and §e are relatively small. Otherwise a and e could

not be held constant during the two maneuvers. To solve these two
equations for the tangential Av, the following identities are used:

P+"p+"pe=2p (20)

_p_ra+rae=_2p (21)

Equations (18) and (19) are now rewritten as
(1 +e)Avy, + (1 — e)Avy, = (h?)2a*)éa 22)
Avg, — Avg, = (h/2p)de (23)

Using h/a =nan, with n = /(1 — ¢*), the required tangential im-
pulses are found to be

Avg, = (nan/4)[da/a + de/(1 + €)] (24)
Avy, = (nan/4)[da/a — Se/(1 — e)] 25)

Note that in both the w, M and a, e corrections, the sequence of
impulsive maneuvers over an orbit is irrelevant. The first maneuver
may occur at either perigee or apogee.

To implement these impulsive Av, the mean orbit element er-
rors are established at some arbitrary point in the orbit and are then
held constant during the orbit while appropriate Av are applied, as
discussed earlier. This impulsive firing scheme assumes that all of
the mean orbit element errors will remain constant over an orbit. If
the a, e, and i elements do not satisfy the J,-invariant conditionsin
Ref. 7, then 2, w, and M will experience some J>-induced secular
relative drift. However, this drift is typically relatively small over
an orbit. The impulsive feedback control will correct, or at least
substantially reduce, any remaining mean orbit element errors dur-
ing the following orbit. The exception is if the deputy semimajor
axis is substantionally different from that of the chief. In this case,
the different orbit periods will cause the mean anomaly to exhibit
substantial relative drift over one orbit. In this case, it cannot be
assumed that § M is constant over an orbit. Thus, the w, M correc-
tions do not begin until the second orbit. Doing this allows the a,
e, and i variables to be corrected during the first orbit, which will
set the orbit periods equal between deputy and chief satellite. Dur-
ing further orbits, any remaining relative mean anomaly errors will
remain constant over an orbit. If the w, M corrections are applied
during the first orbit with a large semimajor axis error present, then
the impulsive feedback control law still corrects the relative orbit.
However, the fuel cost typically increases because incorrect w, M
corrections are performed during the first orbit.

Note that the relative orbits are only corrected at a few points dur-
ing the orbit. Thus, the satellites are coasting for significant portions
of the orbit where the small perturbationsare moving the spacecraft
from their desired relative orbits. The magnitude of these drifts de-
pendsonhow the relativeorbitis designed. When a J,-invariantrela-
tive orbitis used, the dominant gravitational perturbationis compen-
sated for with the desired relative orbit geometry. Mission relative
orbit tracking tolerances will dictate whether or not the coast peri-
ods of the impulsive feedback control will yield acceptable tracking
performance.

Becauseitis advantageousto describethe relative orbitin terms of
orbit element differences of the deputy satellite relative to the chief
satellite, this impulsive firing sequence is a convenient method to
correctorbiterrors from the desired orbitelementdifferences.If only
one or two elements are to be adjusted, then this control solution
is essentially optimal. If several orbit elements are to be corrected,
then preliminary studies have shown this method still to yield a near-
optimal solution with a fuel costincrease of only a few percentover
the multi-impulse optimal solution. The advantage of this method
is that through its simplicity and low computational overhead, it
lends itself well to implementationin an autonomous manner. Little
ground support would be required for a cluster of spacecraft to
maintain their formation as long as they are able to sense their
inertial orbits themselves. This could be achieved through global
positioning system (GPS) measurements'® or direct line-of-sight
measurements between the various satellites.!! Feeding back mean
orbit element errors has the benefit that any short-periodoscillations
are ignored.

Further, it is convenient to be able to adjust only certain orbit
elements, leaving the remaining elements virtually untouched. For
relative orbits designed using the approach outlined in Ref. 7, the
resulting relative orbit will be J>-invariantin an angular sense. This
means that the neighboring orbits will have equal nodal and mean
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latitude drift rates. However, the argument of perigee and mean
anomaly will still drift apart at equal and opposite rates. The conse-
quence of this driftis that the relative orbit will go through cycles of
symmetrically growing and shrinkingas the chief satellitecompletes
one orbit. This effect is more noticeable for satellite clusters with
larger eccentricities. For a cluster with nominally zero eccentricity,
having the argument of perigee and mean anomaly grow apart at
equal and opposite rates has no effect on the overall relative orbit
geometry. Furthermore, this impulsive firing scheme could also be
used as the initial conditions for an optimizer solving for the true
minimum-fuel orbit correction. Often indirect optimizing methods
are sensitive to initial conditions, and the proposed impulsive feed-
back law could provide a reasonable initial guess as to the structure
of the optimal control solution.

Selected Mean Orbit Element Sensitivities

An important issue not considered so far is that mean, not os-
culating, orbit elements are to be controlled with the spacecraft
formation flying. As a first approximation, it is feasible to assume
that the de/de,s. matrix, given in Eq. (4), is a 6 x 6 identity matrix.
However, for the tight tolerancesrequired with formation flying, the
effects of de/de.,. must also be considered. For example, whereas
the inclinationangle and ascendingnode correctionshouldnot affect
any other osculating elements (except for the argument of perigee),
it does affect particular mean orbit elements.

When a numerical study is performed, it is evident that adjusting
the osculating orbit inclination correction does have a noticeable
effect on the mean semimajor axis and eccentricity. However, ad-
justing the osculating semimajor axis and eccentricity, as shown in
Eqgs. (24) and (25), has a negligible effect on the remaining mean
elements.

This section develops algebraic formulas for the sensitivities of
the mean semimajor axis and the eccentricity with respect to the
osculating inclination angle. With these formulas, it is possible to
predict the effect that the inclination angle correction will have on
these selected mean orbit elements and to incorporate this informa-
tion when computing the required a and e corrections. During the
first orbit, these formulas will result in near-perfectcancellationsof
tracking errorsin a, e, and i.

When a first-order truncation of the Brouwer artificial satellite
theory” is used, the mean semimajor axis a” is given by

a" =a—a(/2)(r? [a*){Geosi® — Di@/r')* —1/n’]
+3(1 — cos’i)(a/r")} cosRe' + 2£7)} (26)

where r, is the Earth radius, f is the true anomaly, and r is the cur-
rent orbit radius. When Brouwer’s notation is used, double-primed
variables are the mean orbit elements, single-primed variables have
the long-period terms removed and unprimed variables are the os-
culating parameters. Note that Eq. (26) involves both unprimed and
single-primed variables. This makes the precise development of
da”/di very challenging. As suggested in Refs. 9 and 12, the com-
putational accuracy of the mean element computation is equivalent
if the unprimed and primed w and f are interchanged. The mean
semimajor axis is now expressed as

a" =a—a()/2)(r2/a*){Beosi* — D(a/r)* — (1/)}
+3(1 — cos’i)(a/r)* cosw + 2. f)} 27)

Taking the partial derivative of Eq. (27), we find
3
da” 3. i) a
— = —=UsinRi))=y—=+ | =) [cosQuw+2f)— 1] (28)
i 2 a|n? r

Thus, for a given orbit inclination angle correction § i, the corre-
sponding change in mean semimajor axis da” is given by

"

9
sa’ = Zgi (29)
01

If only an inclination correction is performed, then the impulse
is applied at either  =w + f =0 or 180 deg. Equation (29) is then
reduced to the simpler form

2 in(2i
r_f,sm( l)éi

) 3
da" =~ 13 (30)

a

From Brouwer’s artificial satellite theory, a first-order approxi-
mation of the mapping between the mean and osculatingeccentricity
is given by

' =e—8ie—(h/d)(n?/e)(r?]a*) (B cos’i — DI(a/r') — 1/n’]
+3(1 = cos’[(a/r')* = 1/n*]1 — (e/n")(1 — cos’i)
x [3c0s2w’ + f') + cos(20 + 3 )1} 31)
with the variable 8, given by
Sie = (,/16)(r2 [ a*) (e/n*)

x [1 = 11cos? —40cos*i(1 — 5cos?) ™! ] cos(2w) (32)

When the same assumptions as were done when developing the
partial derivative of a” are made, the partial derivative of ¢” with
respect to the osculating inclination angle i is

de” J> r? sin(2i
iz__zr_em<f[“+

80 cos?i

1 —5cos?i

200cos*i
(1 — 5cos2i)?

o3[ 3]+ [() 3

x cosCw + 2f)} —3cosQw + f) — cosRw + 3f)) (33)

9i 4 a2 g2 4

The changein mean eccentricityde” dueto a correctionin osculating
inclination § i is then given by

a "
se" = =—5i (34)
ai
Again, if only inclination angle corrections are performed individ-
ually, that is, 8 = 0 or 180 deg, Eq. (34) reduces to

Jp r2 sin(2i)

6 //=
T 6w g

{ [11+80cos% (1 —5cos?i)!
+200cos*i(1 — 5cos’i) 2] e cos(2w)

1_
—pp—I 16cosa)}6i (35)
e

where the minus sign is used if 6 =0 deg and the plus sign is used
if 0 =180 deg.

When initializing the mean orbit element tracking errors that are
to be corrected during the following orbit, the da” and de” are now
added to the actual mean orbitelement trackingerrors to account for
the effect of correcting the inclination angle. With this adjustment,
numerical simulations illustrate that the mean a, e, and i errors can
be canceled within one orbit. The remaining mean orbit element
sensitivities are to be derived in future work. For the given control
problem, obtaining the a” and e” sensitivities with respect to i was
required to improve the convergencerate.

Numerical Simulations

The following numerical simulation establishes a desired J,-in-
variant orbit by employing the impulsive control scheme presented
in this paper. The chief mean orbit elements and the desired deputy
mean orbit element differences are shown in Tables 1 and 2. The rel-
ative orbithas a prescribedinclinationangle difference of 0.006 deg,
while the semimajor axis and eccentricity are adjusted to compen-
sate for this. The initial mean orbit element errors of the deputy
satellite are §a” = —100 m, 6 i” = 0.05 deg, and §Q2” = —0.01 deg.
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Table 1 Chief mean orbit elements

Element Value Units
a 7555 km
e 0.05

i 48 deg
Q 20.0 deg
[0} 10.0 deg
M 120.0 deg

Table 2 Desired relative orbit
element differences

Difference Value Units
Aa —0.00192995 km
Ae 0.000576727

8i 0.006 deg
AQ 0.0 deg
Aw 0.0 deg
AM 0.0 deg

—

-0.047f

-0.06

-0.08T

-0.1

a) Semimaj

i

-le-6
-2e-6
-3e-6
-4e-6

-5e-6

4
time [Orbits]

or axis error da, km

]

4
time [Orbits)

-6e-6

b s oo oon |

b) Eccentricity error de

time [Orbits]

Figures la-1f show two test runs. The nonlinear equations of
motion

r+pr=f J, J3, Js, J5) (36)

are integrated for each spacecraft including the gravitational zonal
harmonics up to fifth order. This allows for a numerical verifica-
tion that the predictions based on Gauss’s and Brouwer’s theories
are valid. In case 1 (shown as a dashed line) the impulsive control
scheme is employed without making use of the partial derivatives
of a” and e” with respect to the inclination angle. In case 2, the
same control scheme is used with the addition that if inclination
angle corrections are performed, then their effects on a” and e”
are included. During the first controlled orbit corrections on semi-
major axis, eccentricity, inclination angle, and ascending node are
attempted. Again, the purpose is to first match the orbit periods and
then attempt to correct the mean anomaly errors.

Case 1 is able to reduce the initial tracking errors in a, e, and i
substantially during the first orbit. However, it is clear that when
the osculating inclination angle is corrected, the mean semimajor
axis and eccentricity are also affected. When the osculating orbit
elements during the first orbit are studied, no change in the latter

4
time [Orbits]
-0.002

-0.004
-0.006

~0.008

-0.01 P
d) Ascending node error §£2, deg

1 2 Led

4
time [Orbits]
-0.005

-0.01

-0.0157¢

-0.02

—0.025L
e) Argument of perigee error w, deg

0.0157

0.005[

m time [Orbits]

1 2 3 4

¢) Inclination angle error §i, deg

1 2 3 4
f) Mean anomaly error 8M, deg

Fig.1 Mean orbit element tracking errors (- - - -, case 1, and —, case 2).
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100 ¢
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0 1 2 4
time [Orbits]

a) Scalar Cartesian tracking error, meters

10000
1000
100

10

- i

4
time [Orbits]
b) Tracking error difference between case 1 and case 2, meters

Fig.2 Relative orbit tracking errors in Cartesian coordinates.

three orbit elements was observed as i is corrected, as is predicted
according to Gauss’s variation equations. For the given orbit ele-
ments, the effectof changingthe osculatinginclinationby —0.05 deg
is roughly 7.315 m on the mean a. In case 2, the sensitivities of the
mean a and e with respect to the osculatingi are utilized. The result
is that after the first orbit the mean elements a, e, i, and 2 are at the
desired values. This verifies that the simplifications performed in
deriving the two mean element sensitivities still resulted in a good
prediction of these partial derivatives.

From the second controlledorbitonward all six orbit elements are
corrected per orbit. After the second orbit, the orbitelement tracking
errors for case 2 are essentially zero. Case 1 requires an extra orbit
iteration to cancel out the remaining small tracking errors.

Figure 2a shows the scalar, radial tracking error of the relative
orbit for both cases 1 and 2, with case 1 again the dashed line. Both
cases converge to the same level of tracking accuracy of about 1 m.
This is the same level of accuracy as was achieved with the feedback
control laws in Ref. 4. The reason these control laws do not reduce
the tracking error to zero is due to using a first-order truncation
of Brouwer’s artificial satellite theory’ when translating between
osculating and mean orbit elements. Figure 2b shows the difference
in tracking errors between cases 1 and 2. Note that the difference
during the second orbit is too small to be seen in Fig. 2a. Note that
the tracking error of case 2 has reached its lower limit before the
end of the second orbit. The tracking error of case 1 does not reach
its lower limit before the third orbit is completed.

The relative orbit trajectory, as seen in the rotating LVLH frame,
is shown for either case in Fig. 3. The differences between the tra-
jectoriesof cases 1 or 2 are too small to be visible at the scale shown.
The reference relative orbit is shown as the black curve, with the
location of the chief satellite shown as a point inside the relative or-
bit. The point where the first inclination angle and ascending node
correctionoccursis plainly visible here as a an abrupt change in the
relative orbit plane. After three orbits, the actual relative orbit does
approach the desired trajectory. Note that the impulsive feedback
control law does a very good job in converging to the desired rela-
tive orbit. Even within one orbit period, the actual relative orbit is
very close to the desired relative orbit.
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Fig. 3 Relative orbit as seen in rotating LVLH reference frame,
kilometers.

The total Av consumed with case 1 is 6.4550 m/s. The Av for
case2isreducedslightlyto 6.4184 m/s. Even thoughtypically case 2
provided a better fuel economy than case 1, it was possible to set
up the initial orbit element tracking errors such that case 1 had a
slightly lower fuel consumption. As a comparison, either case has a
lower fuel consumption than what was found for the feedback laws
in Ref. 4, where the mean element feedback control law required
7.584 m/s for the same initial errors. The Cartesian coordinate feed-
back law in Ref. 4 required 7.428 m/s. The Av for a two-impulse
optimal orbit correctionrequired 6.24 m/s. This means that, for the
given initial conditions, the presented impulsive feedback control
law commandedonly a 3% Av penalty compared to the fuel-optimal
solution.

The impulsive control law presented is not necessarily intended
to replace precomputed, fuel-optimized maneuvers. If the time and
computational effort is available, fuel-optimal maneuvers should
be employed. What the impulsive feedback control does provide is
a simple logic with which to do orbit corrections. Because these
correctionsare near optimal, it is feasible that a spacecraft would be
ableto performrelativemotion stationkeeping withoutthe extensive
ground support required for doing optimal trajectories.

Conclusions

An impulsive feedback control strategy in terms of mean orbit
element differences is presented to maintain a cluster of formation
flying spacecraft. The control compares the orbit element differ-
ences to predefined values and adjusts various orbit elements at
particular regions of the orbit. The elements a, e (semimajor axis,
eccentricity); w, M (argumentof periapsis,mean anomaly); and i,
(inclination, right ascension of the ascending node) are adjusted as
pairs. The orbitelement correctionsare designedsuch that they only
marginally influence the remaining osculating orbit elements. Be-
cause mean orbit elements are to be tracked, the sensitivities of the
mean semimajor axis and eccentricity with respectto the osculating
inclination angle are presented. With these formulas, it is possible
to essentially cancel all mean a, e, i, and 2 errors within the first
orbit, whereas the w, M are corrected during the second orbit. The
impulsive feedback control law requires little computational effort
compared to fuel-optimal solutions, yet achieves the orbit correc-
tion in a near fuel-optimal manner. Because of its simplicity, this
control technique lends itself to autonomous relative orbit station
keeping without extensive ground support, as long as the individual
satellites are able to determine their orbits themselves.
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